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What is a GAT ?

@ A list of declarations

=» Enables to declare sorts, objects of those sorts and equalities between those objects
@ A syntactic object

=» Type judgements are defined with induction rules
@ Describes models

=» Defines a category of models
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A GAT for a function in Set

A: Set
B : Set Models: triples (A,B,f)

exec : A— B }constructors
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A GAT for an bijective function in Set

A: Set
sorts

B : Set

exec: A— B Models: triples (A,B,f)
constructors o (Bt

invexec - B —s A s.t. fis bijective

isol : (x : A) — invexec(exec x) = x .
equalities

isor : (y : B) — exec(invexec y) =y
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A GAT for a small category

Obj : Set
Hom : Obj — Obj — Set

id: (A: Obj) - Hom A A
o:(ABC:Obj)—HomBC—HomAB — HomAC

idl : (AB: Obj) — (6 : Hom AB) — o (id B)o =0
idr: (AB: Obj) —» (0 : Hom AB) — oo (id A) =0

Models:
small categories

o-trans : ...
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A GAT for Type Theory

Con : Set
Ty : Con — Set

. 7T£nii(7r7 F?’I)jiyfjfef 777777777777 Models : Triples
s A

ext: (I: Con) = (A:TyTl) — Con empty € Xcon
implies : (I : Con) = Ty — Ty — Ty T :
app: (l:Con) = (AB:TyTl) —

Tm I (implies AB) - TmlIA— TmTl B
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Subject of my internship

2-sortification of GATs

Transform a GAT into a GAT with only two sorts

w Process observed since at least 2021
w Never formally studied
w Studying all GATs by only studying GATs with two sorts ?
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2-sortification of the Set Function GAT




2-sortification of the Set Function GAT

O : Set sorts o0: 0 <« oisasort

El: O — Set objects of that sort x:€&lo < x:o




2-sortification of the Set Function GAT

O : Set sorts 0:0 « oisasort
El: O — Set objects of that sort x:€&lo < x:o
A0 AiSet
B:0O B : Set

exec: EIA— EIB exec: A— B
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2-sortification of Type Theory GAT

O : Set
El: O — Set




2-sortification of Type Theory GAT

Ty : &l Con — O

Tm: (I : & Con) = EI(Ty ) — O

empty : £l Con

ext: ([ : & Con) — (A:EI(TyT)) — &l Con

implies : (I : &1 Con) = EI(Ty ) — EI(Ty M) — &I (Ty T)
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Goal of the internship

Is this transformation correct ?
w Can one study all GATs by studying only GATs with two sorts

How to state this fact ?
w Semantical proof

G
Category [— ffarfc‘l’x
I;G of models 1 of the
Id o;:\l'}e transformed
¢ B GAT

w This adjunction proves that one can make the initial model of any GAT from the
initial model of the transformed GAT
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Categories of models

GAT = sorts + constructors + equalities
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Categories of models

GAT = sorts + comrstroctors |+ eqoaittes

O : Set
Con : Set E0—=8et
Ty : Con — Set Con: O

Tm:(T:Con) » Tyl —Set  Ty: &l Con— O
TIm:(F: & Con) = EI(TyT) — O

C— (Con,Ty,Tm) B — (07‘5"7@’ Ba m)
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Categories of models

O : Set
Con : Set El: O — Set
Ty : Con — Set “Con:O
Tm:(I:Con) > Tyl - Set  Ty: &l Con— O
Tm: (I : & Con) — EN(Ty ) — O
Co— () By — (0, €&l)
C1 < (Con)

C> — (Con, Ty)
C; — (Con, Ty, Tm)

Samy Auvrillon
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Categories of Models

of the original GAT

() Co= 1

Con : Set C1:= (Xcon)

Ty : (T : Con) — Set Cr = (ch,n, (XTY(F))FGXcon)
Tm: (A:Con) — (A: Ty A) — Set| C3:= (XCon, (XTy(r))rexCon )
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Categories of Models

of the original GAT

0 Co= 1

Con : Set C1:= (Xcon : Set)

Ty : (I : Con) — Set Coi= (Xcon : Set, Xry : Set*e)
Tm:(A:Con) — (A: Ty A) — Set| C3:= (ch,n : Set, Xyy SetXcon

XTm : SetHA:XCon XTy(A))
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Categories of Models

of the original GAT

0 Co= 1

Con : Set Cir:= (o:Cp) x (Set)

Ty : (I : Con) — Set Co:= (Xcon:C1) X (SetXC°">
Tm:(A:Con) = (A: Ty A) = Set| C3:= ((Xcon, X1y) : C2) X
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Categories of Models

of the original GAT

0
Con : Set

Ty : (T : Con) — Set

Co =1
Cl =

Tm:(A:Con) = (A: Ty A) = Set| C;:=

(
Coi= (X:C) x SetX)
(

Samy Auvrillon

Hl (.) = 1Set
H2 (XCon) = XCon
XCom XTy) = H XTY(A)
A:Xcon
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Category of Models

of the transformed GAT

O : Set
El: O — Set

By = (X : Set, Xer : Set’™)
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Category of Models

of the transformed GAT

O : Set
El: O — Set

By = (X : Set, Xer : Set’™)

Xu: Sorts
Xei(0):  Objects of sort o
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Category of Models
of the transformed GAT

(O :Set E£l: O — Set|

Ty: (I': Con) —» O

Sorts

Xei(0):  Objects of sort o

Bo = (Xu, Xer)
COHX : Xu
TyX . (F € Xg|(C0nx)) — Xu

(A € Xg|(C0nx)) —

Tm:(A:Con) = (A:TyA) = O Tmyx: (A€ Xa(Tyx(4))) —

Xu
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Category of Models

of the transformed GAT

Xu: Sorts
Xei(0):  Objects of sort o

(O :Set El: O — Set| Bo= (Xy,Xel)
CO“X : H]_F()(X) — Xu
Ty : (r : @) -0 TyX . H2F1(X, COI"Ix) — Xu

Tm:(A:Con)— (A: Ty A) - O| Tmy: H;F(X,Cony, Tyy) — Xy

(ot e andrmed

F
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Constructing F and G

G
Cornd Yo s romtormed
F
Y: C3 X : B3
Xy Set Xg: Set™
Ycon : Set Cony : Xy
Yy (MNreve,, Ty, : HoFi(X, Cony) — Xy

(( YTm (A7 A))AG YTy(A)> AEYcon

TmX . H3F2(X7 COI’Ix,TyX) — Xu

Samy Auvrillon Semantics of 2-sortification



Constructing Gz

G

_eriginal | Y = (Yeon Yy, Yrm)
Xu = «sortsy
Xei(o) = «objects of sort o»
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Constructing G3

G
=N Y = (Yo, Yoy, Yim)

Xu = {*} W Yeon W H YTy(A) &) Set
AeYCon
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Constructing G3

G

_ original ] Y = (Yeon, Yy, Yrm)
Xy = {*} W Yeon W H YTy(A) &) Set
AEYcon
i YCon
X M YTy(r)
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Constructing G3

G
=N Y = (Yo, Yoy, Yim)

Xy = {*} W Yeon W H YTy(A) &) Set

! YCon
X r YTy(r)

Cony = x € {x}
Tyx(r) = [ ¢ YCon
Tmx(A,A) = (A A) e T Y(B)
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Constructing G3

G
=N Y = (Yo, Yoy, Yim)

Xi = %} W Yeou &[] Yn(a) 2% Set

* | YCon
Xe r (1)

Cony = x € {x}
Ty, (N = I € Ycon All sorts of X;; are in the image of
Tmx(AA) = (AA) e J] Yn(A) some constructor (Cony, Ty,, Tmy)
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Constructing F3

(o ) {ramtorned

X : Bs F Y = F3(X): C3
Xy @ Set Xg @ Set™

Conx : Xy Yeon =

Ty, : HF1(X, Cony) — Xy Yo () =

Tmy : HsF(X, Conx, Tyy) = Xy | Yrm(A, A) =

Samy Auvrillon Semantics of 2-sortification



Constructing F3

XZB3

Y = F3(X) : C3

Xu:Set Xg @ Set™

Cony : Xy

Tyy : HoF (X, Cony) — Xy

Tmy : H3F>(X,Cony, Ty,) — Xy

Ycon = Xei(Cony)
YTy(r) =
Yim(A, A) =
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Constructing F3

XZB3

Y = F3(X) : C3

Xu:Set Xg @ Set™

Cony : Xy

Tyy : HoF (X, Cony) — Xy

Tmy : H3F>(X,Cony, Ty,) — Xy

Ycon = Xei(Cony)
Yry(M) = Xai(Tyx(I))
Yrm(A, A) =
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Constructing F3

XZB3

Y = F3(X) : C3

Xu:Set Xg @ Set™

Cony : Xy

Tyy : HoF (X, Cony) — Xy

Tmy : H3F>(X,Cony, Ty,) — Xy

YCon = Xg|(CO|’|X)
YTy(r) = Xa(Tyx(IN))
Yrm(A, A) = Xa(Tmx(A, A))
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Constructing F3

XZB3

Y = F3(X) : C3

Xu:Set Xg @ Set™

Cony : Xy

Tyy : HoF (X, Cony) — Xy

Tmy : H3F>(X,Cony, Ty,) — Xy

YCon = Xg|(CO|’|X)
YTy(r) = Xa(Tyx(IN))
Yrm(A, A) = Xa(Tmx(A, A))

constructor

The preimage by Xg of each object of Y is a sort of X;; constructed by some
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Adjunction F - G

Hompg, (G3Y, X) ~ Home, (Y, F3X)
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Adjunction F - G

Hompg, (G3Y, X) ~ Home, (Y, F3X)

Morphisms of B3 and C3 both respect constructors
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Adjunction F - G

Hompg, (G3Y, X) ~ Home, (Y, F3X)

Morphisms of B3 and C3 both respect constructors
All sorts of G3Yy are in the image of some constructor (Cong,y, Tyg,y, Tmg,y)
=>Homg, (G3Y, X) morphisms are only defined on constructors
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Adjunction F - G

Hompg, (G3Y, X) ~ Home, (Y, F3X)

Morphisms of B3 and C3 both respect constructors

All sorts of G3Yy are in the image of some constructor (Cong,y, Tyg,y, Tmg,y)
=>Homg, (G3Y, X) morphisms are only defined on constructors

The preimage by Xg| of each object of F3X is a sort of X;; constructed by some
constructor

=>Home, (Y, F3X) morphisms only send to constructible terms
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Conclusion

Category
of models of models

kg

of the of the
GAT

transformed

GAT

o Expressing GATs semantics with finite direct categories
@ Construction of semantics from syntax
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o Complete GAT (term constructors + equalities)
@ Proof Assistant Formalization
@ S; non-direct
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Thank you for your attention
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Reflection

F3G3(Y)con = Gs(n,,l({CstrconY’})

= G(Y),*({injy *})
- YCon

FG(Y)n(N) = G(Y), (st (M)

Gs(Y), ({inj> T}

proj; (")

{(rlaA) € Urev,, YTy(r/)

~ Yry(IN)

F3G3(Y)Tm(A, A) ~ YTm(A> A)

M=rj
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Structure of the global proof

Categories C;  B;

Functors F; : B; — C; : G;

Adjunction F; - G;

Forgetful functor R}, : B; — Bi_1

Operator < : B; x By — B; inj; : X — X<'Y injh: Y — R{(X<Y)
Coreflection F;G; = Zdc,

Isomorphism F; inj}

Isomorphism (R X)<'"1Y — Ri_,(X<'Y)
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Fibration of C;

Con : Set Ty :(I: Con) — Set| [Tm:(A:Con)— (A: Ty A) — Set
5 = Con| S = Con + Ty 5= Con+ Ty« Tm
[S1, Set] ~ C; [S,, Set] ~ C, [Ss, Set] ~ C3
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S; from syntax

T: [XT : Ur(a) [x,ijT(a) — X\;,;‘(a,b)i| — Set

a
b<IUT(a):| a<lt

ITTis the number of parameters of the sort T

x, is the ath parameter of the sort T
Ur(a) is the sort of the ath parameter of the sort T (we have Ur(a) < T)

lu,(a) is the number of parameters of the sort Ur(a) i.e. the number of arguments
we have to give to make an object of sort Ur(a)

xéJT(a) is the bth parameter of the sort Ur(a)

vr(a, b) is the index of the parameter of the sort T given as the bth parameter of
the ath parameter of the sort T (we have vr(a, b) < a)

The types of parameters have to be respected, therefore we must have the equality

Ur(vr(a, b)) = Uur(a)(b)
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S; from syntax

Fi(T) = {x]|a < Iy, and Ur(a) = T,

M s Te = T € TH(T)) = X[
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