Logic as a Second-Order Generalized Algebraic

Theory

Samy Auvrillon, supervised by
Ambrus Kaposi (ELTE, Budapest, Hungary)

and Thorsten Altenkirsch (University of Notthingam, United
Kingdom)

6 septembre 2023



Plan of the presentation

e Definitions & Introduction
© Propositional Logic

© Conclusion
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A logic :

Formulae Provability Proof constructors

A Generalized Algebraic Theory (GAT)
@ Sorts
A : Set

@ Constructors
[ lnt — A
n :A—-A—A

e Equations
eq : {ab: A} - a=b—>nab=a
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@ A Model of a Logic : Implements every Sort, every
Constructor, every Equation

@ The Minimal Model : The Syntax

implements minimal
GAT Models ¢+————— Syntax
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@ A Model of a Logic : Implements every Sort, every
Constructor, every Equation

@ The Minimal Model : The Syntax

implements minimal
GAT Models ¢+————— Syntax

@ A Strict Syntax : No quotient

o Completeness (of a class of models)
Proovable in every model of this class <+ Provable in the Syntax
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The real goal

Second-Order Generalized Algebraic Theory (SOGAT)
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The real goal

Second-Order Generalized Algebraic Theory (SOGAT)

Like GAT, but SO

> To be published
> One example to understand
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Tarski models —— Universal model

”\) AN
Syntax ——

Completeness

SOGAT — GAT
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Informal presentation of Propositional Logic

@ Formula are ¢« or implications
@ Proofs are introduction or elimination of implication
@ de Bruijn variables

> This is Simply Typed A-calculus with de Bruijn indices and only
one type
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Propositional Logic as a SOGAT

For . Set

— —— : For — For — For

L . For

Pf . For — Prop™

lam . (PFA — 1t PfB) — Pf(A = B)
app : Pf(A =B) — (PfA — PfB)
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The base category

Con : Set !

Sub : Con — Con — Prop ¢2

id : {l :Con} - Subl I

_o_ :SubA=Z—>SublA—Subrl =
o : Con

e :{l :Con} - Sub ¢
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The base category

Con : Set !

Sub : Con — Con — Prop ¢2

id : {l :Con} - Subl I

_o_ :SubA=Z—>SublA—Subrl =
o : Con

e :{l :Con} - Sub ¢

If A: Prop and a,b: A then a = b makes no sense.
idl - {lr'A :Con}{o :Subl A} — (id{A})oco=0

SublNA&= SubTl A
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Sorts from the SOGAT

For: Set
Pf: For — Prop™




Sorts from the SOGAT

For: Set
Pf: For — Prop™

For : Con — Set ¢3
_[Jf :{rA :Con} - Forl— Sub Al — For A
[If-id : {l :Con} - {F :Forl} — F[id{l}]f=F
[[f-o: {I A= : Con} {a :Sub = A}

{B :Sub AT} {F :Forrl}

— F[Boalf=(F[B])[a]f




Sorts from the SOGAT

For: Set
Pf: For — Prop™

For : Con — Set ¢3
_[LJf :{Fr A :Con} - For I — Sub AT — For A
[If-id : {l :Con} - {F :Forl} — F[id{l}]f=F
[[f-o: {I A= : Con} {a :Sub = A}

{B :Sub AT} {F :Forrl}

S Flfoalf=(FLAI [alf

Pf : (I : Con) = For ' — Prop ¢
_[Jp :{r A :Con} — {F : Forl}
—PfTF— (0 :SubAT) —»PfA(F[o]f)
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Plussed Arrow from the SOGAT

Pf: For — Prop™




Plussed Arrow from the SOGAT

Pf: For — Prop™

_>p_ :(F : Con) — For ' — Con

ot :{F A : Con}{F :Forrl}

S Sub A (I F) = Sub A T

72 {l A : Con}{F : For '}

— (0 :Sub A (F>, F)) = PfA(F[ 7, a]f)
o {r A :Con}{F :Forl} —

(c :SubAT)—=PfA(F[o]f) = Sub A ([, F)
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Formulze Constructors

t:  For
— —— : For — For — For




Formulze Constructors

t:  For
— =—— : For = For — For

v :{lF :Con} — For I
[If-c :{r'A :Con}{oc :SubAT}— [o]f=".

:{lr : Con} — For I — For I — For I
[]f—:> {rA :Con} - {FG :ForT} - {o :Sub AT}
- (F=G)|[olf=(Flolf)=(G[a]f)
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Proof Constructors

lam: (PfA — T PfB) — Pf (A = B)
app: Pf(A =B) — (PfA — PfB)

% Morphisms, Mappings



Proof Constructors

lam: (PfA — T PfB) — Pf (A = B)
app: Pf(A =B) — (PfA — PfB)

-—-# Lam & App
lam : {I" : Con}{A B : For I'}
— Pf(Fep, A) (B[ 7wt id]f) = PfT (A= B)
app : {l : Con}{A B : For I'}
—Pfr(A=B)—-PfrTA—PfIB
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Proof Constructors

lam: (PfA — T PfB) — Pf (A = B)
app: Pf(A =B) — (PfA — PfB)

-—-# Lam & App
lam : {I" : Con}{A B : For I'}
— Pf(Fep, A) (B[ 7wt id]f) = PfT (A= B)
app : {l : Con}{A B : For I'}
—Pfr(A=B)—-PfrTA—PfIB

% Morphisms, Mappings
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How to make a strict syntax
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How to make a strict syntax

Q@ Make it
© Make a morphism [ - M
© Show that two morphisms | — M are equal
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How to make a strict syntax

Q@ Make it
© Make a morphism [ - M
© Show that two morphisms | — M are equal

Idea : Make Formulae independent from contexts
For : Con — Set (3
« Formulae are the same whichever the context »
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Defining For and Con

——#

data For
v : For

=_

data Con

—Pp_

: Set where

: For — For — For

: Set where

¢ : Con

: Con — For — Con

Samy Auvrillon

Logic as a SOGAT

6 septembre 2023
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Defining Proofs

data PfVar : Con — For — Prop where
pvzero : PfVar (I, A) A
pvnext : PfVar ' A — PfVar (I >, B) A
data Pf : Con — For — Prop where
var : PfVar A — Pf T A
lam : Pf (' >, A) B— Pf I (A= B)
app :Pfr(A=B) P T A—PfIB
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Defining Sub

data Sub : Con — Con — Prop where
€ :Sub o
—p_ SubAT = PfAA— Sub A (I >, A)

[lp :PfFFTASubAT SPfAA

var pvzero [ _ ,, pf |p = pf

var (pvnext pv) [0, _|p=varpv[o]p

lam pf [ o |p = lam (pf [ wkSub ¢ ,, var pvzero ]p)
app pf pf' [ o ]p = app (pf [ o ]p) (pf' [ o ]p)
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Defining Initial Morphism

——#
mCon : Con — (ZOL.Con M)
mFor : {I" : Con} — For — (ZOL.For M (mCon I"))

mCon ¢ = ZOL.o M

mCon (I > A) = ZOL._>,_ M (mCon I") (mFor {I'} A)
mFor {r'} . =Z0OL.. M

mFor {I'} (A= B) = ZOL._=_ M (mFor {I'} A) (mFor {I'} B

~—
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How to prove completeness

@ We can define a universal model
@ We need to use the initial morphism for the universal model
@ Formula of I implies those of A <+ I.Sub I A

Samy Auvrillon Logic as a SOGAT 6 septembre 2023 19/23



How to prove completeness

@ We can define a universal model
@ We need to use the initial morphism for the universal model
@ Formula of I implies those of A <+ I.Sub I A

y(I) = Homy(—,T) =Suby — I

Samy Auvrillon Logic as a SOGAT 6 septembre 2023 19/23



How to prove completeness

@ We can define a universal model
@ We need to use the initial morphism for the universal model
@ Formula of I implies those of A <+ I.Sub I A

y(I) = Homy(—,T) =Suby — I

Samy Auvrillon Logic as a SOGAT 6 septembre 2023 19/23



How to prove completeness

completeness : {[ A :1.Con}
—({=Z 1Con} = [T]Jc=—=[A]c=)
— 1.Sub M A
completeness {I'} {A} f=q AT (f{l} (ul Ilid))
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What about predicate Logic
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What about predicate Logic

A lot harder because :
@ Sub is not in Prop anymore, because Term are in Set
@ Two way of extending contexts

© Formulae now depend on contexts
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What about predicate Logic

A lot harder because :
@ Sub is not in Prop anymore, because Term are in Set
@ Two way of extending contexts
© Formulae now depend on contexts

€ We can use the same idea : Split Contexts
#* The completeness proof is not yet done
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Conclusion

What we have done
@ Definition of Propositional Logic and Predicate Logic (as
SOGAT)
@ Tranformation from SOGAT to GAT
@ Completeness proof in Category theory language
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Conclusion

What we have done

@ Definition of Propositional Logic and Predicate Logic (as
SOGAT)

@ Tranformation from SOGAT to GAT

@ Completeness proof in Category theory language
Further work

@ Initial morphism & Completeness for Predicate Logic

@ Add positive operators (V, 3) (need Beth models)

@ Split contexts in the syntax

@ One equation in the SOGAT = One equation in the GAT
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Thank you for your patient

hearing



For . Set

— —— : For — For — For

R M — TM — For

\ : (TM — For) — For

Pf : For — Prop™

lam : (PFA -1t PfB) — Pf(A —B)
app : Pf(A =B) — (PfA — PfB)
Vi  (t:TM — PfAt) — Pf(VA)

Ve : Pf(VA) = (t: TM) — Pf(At)
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Tm : Set™

For . Set

— —— . For — For — For

R : Tm— Tm — For

v . (Tm — For) — For

Pf . For — Prop™

lam . (PFA — 1t PfB) — Pf(A —B)
app : Pf(A =B) — (PfA — PfB)
Vi © (t: Tm— T PfAt) — Pf(VA)
Ve : PF(VA) = (t: Tm) — Pf(At)
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Con : Set /!

Sub : Con — Con — Set ¢

_o_ :{rA=z :Con} >SubA=Z—Subl"A—Subrl =
o-ass : {[ A= V¥ :Con}

{a :Sub Tl A}{B :Sub A =}{vy :Sub = ¥}

S (rof)oa=ro(oa)

id : {I :Con} - Subl I

idl :{r'A :Con} {o :Subl A} — (id {A}) oo =0
idr :{l'A :Con} {o :Subl A} oo (d{l})=o
o : Con

e :{F :Con} = Sub ¢

e-u :{l :Con} - {o :Subl o} »o=c{l}
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>t : Con — Con
1 2{r A :Con} = SubA(F>)—SubATrl
7Tt2:{fA:Con}—>SubA(/'Dt)—>TmA

:{r'A :Con} - SubA T — Tm A — Sub A (I )
w204 1 {F A :Con}{o :SubA T} {t :Tm A} —
7rt2(0 tb) =t
mlow :{F A :Con}{o :Sub AT} {t : Tm A}
—>7Tt1(0',tt)_
tomy :{ A :Con} {o :Sub A (I >¢)}
= (mlo) (P o)=0
o:{FA= :Con{{o :Subl =}{d :SubAT}{t : Tm I}
—(ctt)od=(00d) .+ (t[6]t)
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|>p : (I : Con) — For ' — Con
L {I A :Con}{F :For '} = Sub A (>, F) = Sub A Il
Tp i :{r A :Con}{F :Forl}—
(O’ Sub A (Fep F)) = AF (F[ 7! af)
_wp_ {FrA :Con}{F :Forl} = (0 :SubAT)—
AF (F[o]f) »Sub A (I >, F)
pomp :{ A :Con}{F :For }{o :Sub A (>, F)} —
(Wpl o) p (sz o)=o
mplo,, : { A : Con}{o :Sub A }{F :Forrl}
{prf :AF(Flolf)} =7t (0 ppf)=0

p0 {F A= :Con}{o :Sub T Z}{8 :Sub AT}{F :For Z}{prf : '+ (F[o]f)}

— (o pprf)od = (0 08),, (substP ( F— A F) (=sym [|f-0) (prf [ |p))
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Tm : Con — Set £2

[t :{rAa :Con} >Tm/l —-SubAT —Tm A
[tid : {I : Con} = {x : Tm I} - x[id {l}]t=x
[[to :{rAZ= :Con}{a :Sub=A} {8 :Sub AT}
{t :Tml}=t[Boalt=(t[B]t)[a]t

lam : {F : Con}{F G : For I'}

= (Fop A)F(G[mplid]f) = FF(F = G)
app : {l : Con}{F G :Forrl}

- TT-(F=G)-TFF=>TFG
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--# Term contexts are isomorphic to Nat
data Cont : Set where

ot : Cont

_pt® : Cont — Cont
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data TmVar : Cont — Set where
tvzero : TmVar (I; >t%)
tvnext : TmVar I, — TmVar (I >t0)

data Tm : Cont — Set where
var : TmVar I; — Tm [

data For : Cont — Set where

R :Tm l; — Tm [y — For I;
_=_ :Forl;y — For Iy — For I';
W : For (I >t°) — For Iy
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data Subt : Cont — Cont — Set where
e¢ : Subt [} ot
Y - Subt At I—t — Tm At — Subt At (,_t Dto)
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_[_]t :Tm /_t—>SUbtAt /_t—>Tm At
vartvzero [o ¢+ t]t =t
var (tvnext tv) [o ¢ t]t=vartv [o ]t

_[_]f : For It — Subt A; It — For A;
(Rtu)[olf=R(t[o]t) (u]o]t)
(A= B)[o]f=(Alo]f)= (B[o]f)
(WA)[o]f =W (A] lfior o ]f)

=+ Functorality equations
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idy : Subt [; [

idy {ot} = &t

ide {I: >t} = Ifior (ide {F:})

_or_ :Subt A; I — Subt =; Ay — Subt = [
€t ot B = &t

(@t x)or 8= (o)« (x[B]t)

X No need for renamings
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data Conp : Cont — Set where
op : Conp I
_p®_ : Conp I — For It — Conp I:

_[_Je : Conp It — Subt A; I — Conp A;

op[ot]e=op
(Fp>p® A) [0t ]e = (M [ ot ]c) »p° (A [ o¢ If)
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_btp : Conp I — Conp (I >t°%)
r [>tp = [ [ WktO't |dt ]C
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data PfVar : (I : Cont) — (I, : Conp I};) — For [; — Prop
pvzero : PfVar I (I, >p° A) A
pvnext : PfVar I [, A — PfVar I (I, >p° B) A

data Pf : (I : Cont) — (I, : Conp ;) — For [y — Prop
var :PtVar I T, A—=Pf I, A

app :Pf [, (A= B) =PI [,A—PfI:[,B
lam : Pf Iy (I, op° A) B — Pf I [, (A= B)

pvWe : Pf Iy [, (W A) — Pf I [, (A[ide ¢ t]f)

pYVi : Pf (I >t9) (I, ptp) A — Pf I [, (VW A)
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_[lpve : {A :For A}— PfVar A Ap A —

(o :Subt Iy Ay)— PfVar I (Ap [0 ]c) (Ao ]f)
pvzero [ o |pve = pvzero
pvnext pv [ o |pvy = pvnext (pv [ o |pvt)
_[lpt :{A :For A} =Pf A Ay, A—

(o :Subt Iy Ay) = Pf T (Ap[o]c) (Ao ]f)
var pv [ o Jpe = var (pv [ o Jpvi)
app pf pf' [ o Jpc = app (pf [ o |pt) (pf' [ o ]pt)
lam pf [ o |pr = lam (pf [ o ]pt)
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data Ren : Conp ; — Conp [; — Set where
zeroRen : Ren op [,
leftRen : {A : For A;} —
PfVar Ay A, A — Ren A," A, — Ren (4, 5p° A) A,

data Subp : {A; : Cont} — Conp Ay — Conp A; — Prop
ep 1 Subp A, op
_p— {A For At} — (0 : Subp A, Ap')
— Pf Ay A, A — Subp A, (4, 5p° A)

_[Jop :Subp {A:} Ap Ap" — (0 : Subt [ A) —
S[ubp]{l_t} (A, [0 ]0) (A, [0 ]0)
(0 » BF) [ 5% [op = (0p [ ¢ 109) » (oF [ ¢ Ip0)
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_[lp :{A :For A} = Pf A A, A
— (0 :Subp {Ac} A, Ay) — PFA, A, A
var pvzero [ o ,, pf |p = pf
var (pvnext pv) [ o ., pf [p =var pv[o ]p
app pf pf [ o ]p = app (pf [ o |p) (pf [ o ]p)
lam pf [ o ]p = lam (pf [ wkyop 0 ,p var pvzero |p)
p¥Ve pf [ o |p = pWWe (pf [ o ]p)
pWWi pf [ o |p = pWWi (pf [ wkeop o ]p)
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id, : Subp {A} Ap Ap

idy {Ap = op} = ¢p

idy {Ap = Ap op° x} = If0p (idp {4, = Ap})
_Op_ {lp Ap =5 : Conp At} — Subp {A¢} Ap =, — Subp {A,
€p % B =¢p

(a p pf) op B = (aop B) ,p (pf [ B ]p)
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record Con : Set where
constructor con
field
t : Cont
p :Conpt

record Sub (I : Con) (A : Con) : Set where
constructor sub
field
t : Subt (Con.t I') (Con.t A)
p : Subp {Con.t I'} (Con.p ") ((Con.p A) [t ]c)

pf [ o Jp = (pf [ Sub.t o [pt) [ Sub.p o ]p
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id :Sub I
id {I'} = sub id; (substP (Subp _) (=sym []c-id) idp)
_o_ :SubA=Z—>Subl"A—Subrl =
sub o ap 0 sub B¢ Bp =
sub (at ot B¢) (substP (Subp _) (=sym [Jc-0) (ap [ Bt |op) op| 5

>t : Con — Con

I >t = con ((Con.t I') >t%) (Con.p I btp)
_>p_ : (I : Con) — For (Con.t ') — Con
I >p A= con (Con.t I') (Con.p I >p° A)
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id | Sub (con 'y ['p) (con 'y Tp)

ide | Subt Iy

id, | Subp I, T,

sub | (o : Subt [y Ay)

— Subp ', (Ap[o]c)

— Sub (con 'y [p) (con A Ap)

id=subid;? with ?:Subp [, (,[idi]c)
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id | Sub (con 'y ['p) (con 'y Tp)

ide | Subt Iy

id, | Subp I, T,

sub | (o : Subt [y Ay)

— Subp ', (Ap[o]c)

— Sub (con 'y [p) (con A Ap)

id=subid;? with ?:Subp [, (,[idi]c)
Subp I, ([p[ide]c) # Subp ', T,
subst : {A:Set}(P:A — Prop){aa':A} wa=a —-Pa—Pa
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